A new and powerful material nonlinear analysis method for rigid plane frames is proposed on the basis of the principle of minimum complementary energy and mathematical programming algorithms. The analysis problem is formulated as the total complementary energy minimization problem subjected to the equilibrium equations at the free nodes in terms of the unknown forces acting at the ends of member elements. The unknown member end forces are determined by solving the energy minimization problem using a modified sequential quadratic programming algorithm.
INTRODUCTION
Beginning with the early works on limit analysis by Van den Broekl, Prager and Hodge2 and others in the 1940--50 s, numerous contributions have been devoted to the development of analysis methods for rigid plane frames subjected to material nonlinearity.
The main approaches for the nonlinear frame analysis can be classified into the following two categories one based on the theory of limit analysis combining linear programming algorithms3 and the other based on the finite element method, in which the stiffness matrix is updated according to the changes in stress state in the finite elements4 7).
Bogner et al. investigated the formulation of nonlinear frame analysis on the basis of the principle of minimum potential energy with the aid of mathematical programming algorithms in the 1960 s8).
Recently, Ohkubo et al. developed new analysis methods for trusses and continuous beams based on the energy principles and mathematical programming algorithms. The results are published in Refs. 9) -11). In these studies, the total complementary energy of the structure is expressed in terms of unknown member end forces, axial forces in the truss and bending moments in the continuous girder. The unknown member end forces are determined exactly and effectively by minimizing the total complementary energy subject to equilibrium equations at the free nodes using modified sequential quadratic programming (SQP) and linear programming (LP) algorithms. In this paper, the analysis methods are extended further, to the rigid plane frame problems subjected to material nonlinearity and a powerful analysis method is proposed.
In the frame structure, the member elements are each cut at the nodes and the simple span beams system is assumed as a primary structure in which 3 member end forces acting at both ends of each beam are selected as the unknown member end forces. The total complementary energy of a structure and equilibrium equations at the free nodes are expressed in terms of the unknown member end forces, and the unknown forces are determined by minimizing the total complementary energy under equilibrium conditions at the free nodes with the aid of modified SQP and LP algorithms. In the computation of the complementary energy, the contribution of shearing force to it is neglected.
As the numerical examples, the results of portal, 2-bay/1-story and 2-bay/2-story frames with three types of nonlinear materials are demonstrated, and the results are compared with ones obtained by the displacement method of analysis to clarify the generality, accuracy, reliability and efficiency of the proposed method.
TOTAL COMPLEMENTARY
ENERGY OF RIGID PLANE FRAME
(1 ) Distributions of strain and stress in member cross section by bending moment and axial force Consider the stress distribution in a cross section of a beam element which is subjected to a bending moment M and an axial force N. If the stress-strain relationship is linear elastic, the stress distribution due to M and N in a beam cross section can be determined simply by adding the stress distributions due to M and N. However, if the stress-strain relationship is nonlinear as depicted in Fig. 1 , the stress distribution must be determined so as to satisfy the strain distribution and equilibrium conditions in the cross section. In practice, it is recognized as reasonable to assume that plane sections of beam elements which are subjected to a bending moment and an axial force remain plane sections after deformation in the relatively small strain range.
On this assumption, if the magnitudes of extreme fiber strains L and l are assumed, the strain E (y) at the point of y from the lower surface of a cross section (see Fig. 2 ) is given by r(y)= Ej+(Eu-)/H-y (1) in which H is the height of the cross section. The stress a (y) corresponding to e (y) is given directly from the stress-strain relationship of the material, therefore, a (y) can be expressed as
By considering the equilibrium in the cross section, the following equilibrium equations on the normal force and the bending moment are to be satisfied :
in which yG is the distance from the lower surface to the centroid of the cross section. Substituting Eq. (2) into Eq. (3), we can express the equilibrium equations in terms of and El
The details of fN and fM for a rectangular cross section for the three types of nonlinear materials shown in Fig. 3 are given in the APPENDIX. Eq. (4) is a set of nonlinear simultaneous equations, and by solving the equations for u and E, we can determine the strain distribution caused by the given N and M. In this paper, the Newton-Raphson method is used to solve Eq. (4). The iterative relation can be written as Fig, 1 Nonlinear stress-strain relationship. By using eu and El obtained by the above process, the strain and then stress distributions in the cross section shown in Fig. 2 can be determined. (6) bix (y) and mix (y) are the complementary energy density (the shaded area in Fig, 1 ) and the stress respectively at the point y from the lower surface in the cross section. A, (x) is the cross-sectional area. The details of calculation formula Tri for a rectangular cross section of the three types of nonlinear materials shown in Fig. 3 are also given in the APPENDIX. The complementary energy in the i-th member element with length ii JIci and total complementary energy of the structure with n member elements "C are given by Hci= l 7rcL(x) dx H5= H (7), (8) In this study, fl is numerically integrated by using the Simpson's rule. Each member element is partitioned at the points where the cross sections are varied, and concentrated loads are applied The calculations of "Ci (x) in the partitioned section are made at the equally divided points by the n-th power of 2, n is started from 1 and is continued to increase until the changing rate in H Ci satisfies the imposed convergence criterion CNVSMP=1. 0X10-k. This convergence criterion CNVSMP is also determined by investigating the accuracy of the final solution due to the magnitude of the criterion. The numerical examples of this investigation are also given in section 5.
FORMULATION OF ANALYSIS PROBLEM AS COMPLEMENTARY ENERGY MINI-MIZATION PROBLEM
The principle of minimum complementary energy states that "Among all the sets of admissible stress a, Qy and zx, which satisfy the equations of equilibrium and the prescribed mechanical boundary conditions on S1, the set of actual stress components makes the total complementary energy III an absolute minimum12). The part S1 over which boundary conditions are prescribed in terms of external forces,
In this study, each member element in a rigid plane frame is released at the nodes, and the simple span 27s beams system shown in Fig. 4 (a) is assumed as the primary structure in which the axial and shearing forces and bending moment acting at both ends of each member element ( Fig. 4 (b) ) are the unknown member end forces. However, by using the three equilibrium equations, H=O, V=O, and E M=O, in the released member element, these six unknown member end forces can be reduced to three unknowns, namely Mi;, Mi, and Hi; in Fig. 4 ( c). Using these three unknown forces, the axial force Ni (x), bending moment Mi (x) and shearing force Si (x) at point x are given as
In the above expressions, Nip (x), Sip (x), Mip (x) are the axial and shearing forces and bending moment, respectively, acting at point x due to the external loads which are calculated by assuming the released i-th member element as a simple beam. Note that the positive sences of Ni, Si, and Mi are in tension, 1 j and (C )), respectively, in Eq. (9) .
As seen from Eq. (9), Ni (x), Mi (x) are expressed in terms of unknown forces Hi;, Mi;, M15, then the complementary energy in the i-th member element . Ii and that in the whole structure H can also be expressed in terms of the unknowns. Namely,
where
Furthermore, the remaining member end forces Vi;, His, V15, which are to be used for the equilibrium equations at the free nodes, can be expressed as follows. where T is the force transformation matrix (m X6 n), F is the external load vector acting at the free nodes, and m is the degree of freedom of structure. Now let where g=[g1(X) gm(X)]T are the equilibrium equations at the free nodes.
SOLUTION ALGORITHM
The total complementary energy minimization problem expressed by Eqs. (18) and (19) is a nonlinear programming problem in which all of the constraints are equality linear constraints and the objective function is a nonlinear function of the unknown member end forces. Several types of solution algorithms can be applied to solve the minimization problem. However, the sequential quadratic programming (SQP) algorithms14),15), whose efficiency is clarified in Refs. 9), 10) and 11). is used as a basis for the solution algorithm. The details of the solution algorithm have been described in Refs. 9) and 10), so only the outline is described in this section. all claX3i-r-l11Ci(X 3i-2 X 3i-r+4X3X1)-3HCi(Xd)j//X31-r (22) (2) Determination of LX Since all of the constraints are equality linear constraints, an initial feasible solution LX o is determined simply by using the modified linear programming algorithm described in Refs. 9) and 10). After the determination of dXo, search direction dk and step length ak to the minimum of Q along dk are determined by means of the gradient projection method
where Pr =1-C'T(C, CT)-' C j unit matrix (3 n X 3 n) (24)
Then the improvement of X at the /g-th stage is given by adding LtXo and akdk.
t3Xk=dXo + ad
Because of the equality linear constraints of Eq. (21), although they are expressed in terms of dX, are true, i. e. not approximate constraints, once an initial feasible solution 4Xo has been determined by the LP algorithm, and if the search direction dk is calculated by Eqs. (23) and (24) without serious round off error at every modification of X, the LP algorithm becomes unnecessary.
Modification of approximate quadratic programming problem By using dXk obtained by Eq. (26), Xl is improved as X' = X k+ aX '1 (27) Then the values of constraints g; (X') (1=1 m) and the gradient p HI at Xk+l are recalculated. Furthermore the coefficient matrix H in Eq. (20) is modified by the following BFGS formula (28) where aXk=Xk+_Xk I= V Ik(X' )p J(Xk) The final member end forces X* can be obtained by iterating the improvement of X and the modification of approximate quadratic programming problem stated above until 1l and X converge to the constant values. The changing rate 10-6 is imposed for the convergence criterion on . ll (CNVSQP). The details are also given in section 5.
NUMERICAL EXAMPLES
The proposed nonlinear analysis method described in sections 2, 3, and 4 has been applied to the analysis models shown in Fig. 6 . The three types of nonlinear materials, the stress-strain relationships are depicted in Fig, 3 , are prepared for the frames. The effects of the magnitudes of convergence criteria on the accuracy of final solutions are investigated, and comparisons of the final results obtained by the proposed method and the displacement method of analysis are made to investigate the generality, accuracy, reliability and efficiency of the proposed nonlinear analysis method.
In the proposed analysis method, the initial values of unknown member end forces X are assumed to be of the same sign and same order as those obtained by the linear analysis with the modulus of elasticity E=2. 0 X106 kgf/cm2, namely 100 (tf or tf m) for all the analysis models. The material nonlinear analysis of rigid plane frame by the displacement method of analysis has been performed by the following procedures in this study.
(1) Divide each member element into a number of finite beam elements with length d 1, then assume the axial forces N and bending moments M acting on the ends of each finite beam element. The pseudo axial rigidity EA and pseudo flexural rigidity El for each finite beam element are calculated by the following expressions
El =M H/el-ru
where l and cu are determined by solving the system of equilibrium equations, Eq. (4), substituting assumed N and M. n in Eq. (29) is determined as the corresponding strain to the stress Qn=N/A from the stress-strain relationship for the material used.
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(2) Form the pseudo stiffness matrix for the complete structure by assembling the stiffness matrices for each finite beam elements. Then solve the stiffness equations for the unknown displacements and find axial and shearing forces N, S and bending moments M acting at the ends of finite beam elements. (3) Let N and M computed in be the improved N and M and the procedures (1 and (2 are iterated until all N, M, EA and El converge to constant values. The convergence criterion is imposed as 1. OX 10-4 to the changing rate in N, M, EA, El.
In the above displacement method of analysis, the finer partitioning of the finite beam elements yield the more exact solution but requires a much greater core size and computation time. After the comparison of the accuracy of the solutions, core size and computation time required at several values of Q l we determined d 1 to be 10 cm. Moreover, the free nodes were numbered to reduce the band width of structure stiffness matrix mostly to economize on core size and computation time.
(1 ) Effects of convergence criteria on accuracy of final solutions X* and computation times In this section, the effects of magnitudes of convergence criteria CNVNWT, CNVSMP, CNVSQP on the accuracy of the final solutions X* and the computation times necessary to obtain X* are investigated.
We have analyzed all the analysis models shown in Fig. 6 for three types of nonlinear materials, A, B and C depicted in Fig. 3 , at various combinations of CNVNWT, CNVSMP and CNVSQP. The numerical results for analysis model 4, material type C, and comparison with the results by the displacement method of analysis are tabulated in Table 1 . As clearly seen from this table, no relative difference is recognized in the final results for case 1 (CNVSMP=1. OX 10-6) -3 (CNVSMP=1. OX 10-4); however, in case 4 (CNVSMP=1. OX 10-3) small relative differences, at most 0. 2 %, can be observed. The relative differences in the final results for cases 1-3 and those obtained by the displacement method of analysis solved with M =1O cm are within the range of 0. 04-1. 0 %. The computation time necessary to obtain the final result increases as the values of convergence criteria decrease. Particularly, as the value of CNVSMP decreases, the computation time for. fij increases remarkably and the ratios of computation times for cases 3, 2 and 1 to that for case 4 increase to 2. 0, 3. 6 and 6. 5, respectively. On the other hand, SQP iterations necessary to obtain the final solutions retain the constant values of 25 in all cases.
As a consequence of the above investigation, we decided that the most appropriate combination of the values of CNVNWT and CNVSMP is that in case 3, in which CNVNWT=1. OX 10-6 and CNVSMP=1. OX 10-4 for the rigid plane frames such as the analysis models shown in Fig. 6 . Table 4 Computation time (mm. ) and number of iterationsl). Table 5 Examples of displacements in analysis models 2, 3 and 4 (a 1=10 cm). It is noteworthy that the final value of III is altered slightly in general depending upon the values of CNVNWT and CNVSMP; however, as seen in Table 1 , the final values of X, X*, are not always altered by the values. For the determination of exact X*, the significance of the accurate search to the absolute minimum point of III is to be emphasized in addition to the calculation of 11Ci with a certain degree of accuracy. For this purpose we investigated the effect of the values of CNVSQP on the accuracy of X* and confirmed that X* could be obtained accurately with the changing rate under 1. OX 10-4 by setting CNVSQP=1. OX 10-6. Thus we decided upon this value.
( 2 ) Investigation of analysis results The analysis models shown in Fig. 6 have been solved by the proposed analysis method (C. E. M. M. ) for the three types of nonlinear materials depicted in Fig. 3 , and the results obtained are compared with ones produced by the displacement method of analysis (D. M. ). The numerical results for the analysis model 2, material type A and analysis model 3, material type B are given in Table 2 and 3, respectively, and the computation times and numbers of iterations required to obtain the final solutions by C. E. M. M. for all analysis models in Fig. 6 are summarized in Table 4 .
As clearly seen from Tables 1, 2 and 3, the relative differences of the final results by C. E. M. M. and D. M. are within the range of 0. 00-1. 00 % in almost all member end forces, as an exception slightly larger differences are observed in the extremely small member end forces. From this fact, it can be said that the final results by both analysis methods are coincide with each other quite accurately. Since the close agreement of the results obtained by D. M. with M =1O cm with the true solutions has been confirmed by comparing the results at various 1, it is clear that quite accurate solutions can be determined by the proposed analysis method.
The convergence to the final solutions is excellent. Even if all of the initial values of X are assumed as + 100 (tf or tfm) for all analysis models, after 4-10 iterations, the solutions converge to the neighborhoods of final solutions, and after additional 10-20 iterations the final solutions which satisfy the convergence criteria completely can be determined with certainty. The number of iterations required to obtain the final solutions increases as the degree of redundancy increases; however, the rate of increase is not very high. Moreover, the number of iterations increases with the reduction of the smoothness of nonlinear stress-strain relationships from material type C to A. However, the computation time increases in the order of C, A, B for all analysis models and is, for example, 0. 19-0. 57 and 1. 21-2. 68 minutes for analysis models 1 and 4, respectively, by FACOM-M 360 AP. For references, the computation times and the numbers of iterations necessary to obtain the final solutions by D. M. are also shown in Table 4 . In the table, * * at analysis model 4, material type A denotes that the solution did not satisfy the convergence criterion 1. 0X 10-4 and the changing rate in EA, El still remains at 0. 0008 even after 40 minutes of computation and 103 iterations by D. M.
Calculation of displacements at arbitrary points Methods of calculating the displacements of structure subjected to the materially nonlinear behavior have been developed in several ways3)-7),9),10). An efficient method of calculating the displacements of structure by using complementary energy minimization algorithm developed in this paper has been developed by the author on the basis of the Engesser's first theorem. However, for the limitation of the pages of this paper, the details of the displacement analysis method will be given elsewhere, and we here show only the displacements in the analysis models which were calculated by the following procedures. (1) By using the final strain distribution in the member elements, which is used for the calculation of the final total complementary energy of the structure, calculate the pseudo axial and flexural rigidities EA and El of each finite beam element (M=10 cm) by Eqs. (29) and (30).
(2) Assemble the pseudo structure stiffness matrix using EA and El of each finite beam element and formulate the stiffness equations for the whole structure. The displacements at arbitrary points are determined by solving the stiffness equations. Examples of the numerical values of displacements in analysis models 2, 3 and 4 are given in Table 5 . In this table, the positions of noted points are indicated on the analysis models in Fig. 6 by the same numbers.
CONCLUSIONS
The following conclusions can be drawn from this study.
( 1 ) On the basis of the principle of minimum complementary energy, the materially nonlinear problem of analysis of a rigid plane frame can be formulated as the total complementary energy minimization problem subject to the equilibrium equations at the free nodes in terms of the unknown member end forces. The strain (stress) distribution in a cross section of a beam element which is used for the calculation of complementary energy can be determined readily by solving a system of nonlinear equilibrium equations in the cross section by the Newton-Raphson method. The total complementary energy minimization problem can be solved quite certainly and efficiently by the modified SQP and LP algorithms. The analysis method proposed is a unified approach applicable to rigid plane frame structures with any types of nonlinear materials.
( 2 ) The solution algorithm is quite reliable and efficient. Even if the initial values are assumed to be far away from the final solutions, the solutions enter neighborhoods of the final solutions less than 10 iterations usually. The numbers of iterations to converge to the final solutions increase as the degree of redundancy and the number of member elements increase, but 13--31 iterations have been sufficient for the analysis models shown in Fig. 6 to obtain the final solutions satisfy the strict convergence criteria. The computation times for obtaining final solutions are 0. 20. 6 minutes for the portal frame and 1. 2-, -2. 7 minutes for the 2-bay/2-story frame by FACOM-M 360 AP.
( 3) The number of unknown variables is three at each member element. Consequently, the analysis problem can be solved with a rather small core size in computation. The improvement of the accuracy of the final solution is accomplished merely by decreasing the values of convergence criteria CNVNWT, CNVSMP and CNVSQP. This small core size requirement and simplicity in accuracy control are great computational advantages of the proposed method.
( 4 ) In all of the analysis models shown in Fig, 6 , the accurate final solutions are obtained efficiently by setting CNVNWT=1. 0X106, CNVSMP=1. 0X 10-4, and CNVSQP=1. 0X 10-'. The relative differences of the final results by the proposed method and the displacement method of analysis are within the range of 0. 00-1. 00 % in almost all member end forces ; as an exception, slightly larger differences are observed in extremely small member end forces. From this fact, it is clear that quite accurate solutions can be determined by the proposed analysis method. (5) In the proposed method, the elements of v II,: arlc/ax3i-r (r=2, 1, 0) can be calculated by considering only the changes in IIi with respect to X3i-r (r=2, 1, 0). This simplicity also gives a great computational advantage to the proposed analysis method. where A YG; and are the area, the distance to centroid from the lower surface and complementary energy of the j-th divided area, respectively, in stress distribution (Fig. A. 1 ). Note that A is positive in 34s tension and is given by the following processes. i) e +1O and <O c +1<O
The stress at ys y s yk+l in Fig 
In the case of material type C i)
1 O (Fig. A'4) a(y)= aa2(y)+ ba(y) (A. 6) where a=6 X 10-10 cm4/kgf', b =9 X 10-7 cm7kgf (see Fig. 3 ). By using Eqs. (A. 4) and (A. 6) (A. 7) Therefore, fN, fM and jri can be calculated by the following expressions .
(A. 8) in which ou and oa can be obtained by substituting eu and cl in Eq. (A. 6) and solving the equations for o and Ql respectively. 
